We are concerned with the existence of a nontrivial solution to a nonlinear third-order three-point boundary-value problem on general time scales. Using the corresponding Green function, without a non-negative or monotone-type assumption on the nonlinearity, we obtain sufficient conditions for the existence of at least one nontrivial solution, using the Leray-Schauder nonlinear alternative theorem. This paper extends recent results in differential equations to difference equations, quantum equations, and general dynamic equations on time scales.
Introduction
We are concerned with the existence of at least one nontrivial solution to the nonlinear third-order three-point boundaryvalue problem on general time scales given by px ∆∆ ∇ (t) + f t, x(t), x ∆ (t) = 0, t ∈ [t 1 , t 3 ] T , (1.1) x(ρ(t 1 )) = 0 = x ∆ (ρ(t 1 )), x ∆ (σ (t 3 )) = αx ∆ (t 2 ), (1.2) where: p is a right-dense continuous, real-valued function with 0 < p(t) ≤ 1 on T; f : T × R × R → R is continuous; the boundary points from T satisfy t 1 
(1.3) If T = R, then (1.1) and (1.2) is the ordinary third-order three-point boundary value problem px (t) + f t, x(t), x (t) = 0, t ∈ [t 1 , t 3 ] R ,
x(t 1 ) = 0 = x (t 1 ), x (t 3 ) = αx (t 2 ).
If T = Z, then (1.1) and (1.2) is the discrete third-order three-point boundary value problem ∇ p∆ 2 x (t) + f (t, x(t), ∆x(t)) = 0, t ∈ {t 1 , t 1 + 1, t 1 + 2, . . . , t 3 }, Third-order differential equations, though less common in applications than even-order problems, nevertheless do appear, for example in the study of quantum fluids and gravity driven flows. Here we approach a third-order three-point problem on general time scales, namely on any nonempty closed subset of the real line, to include the discrete, continuous, and quantum calculus as special cases. Of late there have been several papers on third-order boundary value problems. Hopkins and Kosmatov [1] ; Li [2] ; Liu, Ume, and Kang [3, 4] ; and Minghe and Chang [5] have all recently considered third-order problems. All of these papers, however, were two-point problems with T = R. Graef and Yang [6] , Sun [7] , and Wong [8] consider three-point focal problems, while Palamides and Smyrlis [18] consider the three-point boundary conditions
On general time scales there are also a few papers on third-order problems. Sun [9] considers a third-order two-point boundary value problem; a couple of papers on third-order three-point boundary value problems considered on general time scales are [10, 11] in the right-focal case, and [12] . Note that boundary value problems on time scales that utilize both delta and nabla derivatives, such as the one here, were first introduced by Atici and Guseinov [13] . For more on existence of solutions to boundary value problems, see [14, , the text by Deimling [15] , and Zhang and Liu [16] .
Problem (1.1) and (1.2) is an extension of the unit interval boundary value problem [17] 
, to arbitrary time scales; in other words, take T = R, p ≡ 1, t 1 = 0, t 2 = η and t 3 = 1 in (1.1) and (1.2) to get the results in [17] . One could also consider a third-order problem with derivatives in the order of nabla, nabla, delta, but the results would be similar; other permutations of nablas and/or deltas lead to a Green function that is less easy to calculate.
Preliminary results
Underlying our technique will be the Green function for the homogeneous third-order three-point boundary-value problem
The Green function for (2. 
3) [17] . If T = hZ for any h > 0 and p ≡ 1, then assumption (1.3) becomes
and the Green function corresponding to problem (2.1) and (2.2) is given by
Lemma 2.3 (Lemma 2.2 [12]). Assume (1.3).
The Green function (2.5) corresponding to the homogeneous boundary value problem (2.1) and (2.2) satisfies
where g is given by
Main existence results
To establish an existence result we will employ the following fixed point theorem, which can be found in Deimling [15] . ∈ Ω.
Let Y denote the real Banach space C[ρ(t 1 ), σ 2 (t 3 )] T with the supremum norm
then (X, · 1 ) is a real Banach space as well.
For x ∈ X, define
By Lemma 2.1, the boundary value problem (1.1) and (1.2) has a solution x = x(t) if and only if x solves the operator equation
Clearly L(X) ⊆ X, and L is completely continuous by a standard application of the Ascoli-Arzela theorem; thus, we seek a fixed point of L in X. 
Then (1.1) and (1.2) has at least one nontrivial solution
Proof. Set
where g(·, ·) is given in (2.6). By assumption, A < 1. Since f is continuous and f (s, 0, 0
By definition,
g(s, s)w(s)∇s.
For (Lx) ∆ , we consider (Lx)
T , then using the appropriate branches of (2.5) we see that
If t ∈ [t 2 , σ (t 3 )] T , in a similar manner we get that
As α > 1 by assumption (1.3),
so that 
g(s, s)w(s)∇s
+ α x 1 d σ (t 3 ) ρ(t 1 ) g(t 2 , s) (u(s) + v(s)) ∇s + α d σ (t 3 ) ρ(t 1 )
g(t 2 , s)w(s)∇s
and one of the following conditions holds:
where g is given in (2.6);
.
Proof. Let A be as in the proof of Theorem 3.2; it suffices to show that A < 1.
(1) Using Hölder's inequality [14, Theorem 6.13],
(2) In this case it immediately follows that
By Theorem 3.2, the (3, 3) problem (1.1) and (1.2) has at least one nontrivial solution 
Then (1.1) and (1.2) has a unique nontrivial solution
Proof. We will show that in this case L given in (3.1) is a contraction. To this end, let x 1 , x 2 ∈ X be fixed. We set
It follows from the hypotheses that
Now we have
Next, we will estimate (Lx 1 )
T , then using the appropriate branches of (2.5) we get that
Similarly, for t ∈ [t 2 , σ (t 3 )] T we get that
and since α > 1,
Consequently, 
Example
In this section we consider the following example to illustrate our results. Example 4.1. Let T = εZ for some 0 < ε 1 (say ε = 1/N for some large N ∈ Z), p ≡ 1, t 1 = ε, t 2 = 10ε, and t 3 = 1 − ε. If 1 < α < . (2−α) if N ∈ Z is near infinity.
